We derived the cone fundamentals for X-chromosome-linked anomalous trichromats for the wavelength range of 400-700 nm. Pigment templates were constructed from the cone fundamentals of normal trichromats after correction for ocular media absorption. The resultant retinal-level sensitivities had small irregularities in the short-wavelength region that were smoothed. The pigment templates, expressed as quantal sensitivities, were then shifted on a frequency abscissa to solve for the Amax of the pigments of anomalous trichromats needed to predict average anomaloscope matching data. We found that the protanomalous M-and U-cone pigments are separated by 10 nm and the deuteranomalous M'-and L-cone pigments are separated by 6 nm (rounded to the nearest nanometer), where M and L indicate middle-and long-wavelength sensitive, respectively. The triads of peak wavelengths for the corneal energy-based sensitivities were as follows: normal: 440, 543, and 566 nm; protanomalous: 440, 543, and 553 nm; and deuteranomalous: 440, 560, and 566 nm.
INTRODUCTION
For observers with normal color vision, estimates of cone spectral sensitivities are routinely used to provide the information concerning the initial transformation from physical energy to neural signals. ' 3 Such estimates are also required for calibration of color stimulus displays for cone excitation when these displays generate stimuli by using mixtures of primary lights, such as color video displays. To calculate cone excitation for color displays and other broadband chromatic stimuli, it is necessary to have the spectral sensitivities for the cone types of each class of observer over the visible spectrum. Smith and Pokorny' described a set of cone fundamentals for normal observers, and here we provide a parallel set of fundamentals for Xchromosome-linked anomalous trichromats.
X-chromosome-linked anomalous trichromacy is relatively common in the United States. Approximately 5% of U.S. males have deuteranomalous trichromacy, and a further 1% have protanomalous trichromacy. Anomalous trichromats are considered to have an altered form of normal color vision. 4 They require three primaries to match any spectral color but do not accept the color matches of color-normal trichromats. Thus it is assumed that they have three cone types with three different photopigments. This is opposed to the situation for dichromats, who are described as having a reduced form of color vision. Only two cone types having two different photopigments are revealed when dichromats are tested with a 2° foveal field. 5 7 Recent advances in molecular genetics have led to the cloning and the sequencing of the human X-chromosomal cone photopigments. 8 In color-normal observers, there are one to five genes in tandem array. According to the hypothesis of Nathans et al., which was based on an analysis of restriction fragment polymorphism in normal and color-defective observers, 9 the first gene in the array encodes the opsin of the long-wavelength-sensitive (L-cone) photopigment, and the remaining genes encode opsins of the middle-wavelength-sensitive (M-cone) photopigment. Anomalous trichromats showed major abnormalities in the gene array, with deletions of the normal genes and the presence of fusion genes (genes combining fragments of the L-cone opsin gene and fragments of the M-cone opsin gene). The deuteranomalous trichromats had a normal L-cone opsin gene, one or more fusion genes, and usually one or more M-cone opsin genes. The protanomalous trichromats had a fusion gene and one or more M-cone opsin genes.
The genetic findings in anomalous trichromats are most consistent with the prevalent model of anomalous trichromacy based on psychophysics. This model, the singlepigment-shift model, proposes that anomalous trichromats have only one pigment that differs from those of normals: the M-cone pigment for deuteranomalous trichromats or the L-cone pigment for protanomalous trichromats. 6 " 0 Both types of anomalous trichromat are presumed to have the normal short-wavelength-sensitive (S-cone) pigment. For example, deuteranomalous trichromats have normal S-cone and L-cone pigments, but the Amax of the M-cone pigment, here designated M', is shifted to a longer wavelength relative to that of the normal pigment. For protanomalous trichromats, the S-cone and the M-cone pigments are normal but the Amax of the L-cone pigment, here designated L', is shifted to a shorter wavelength relative to that of the normal pigment. The single-pigment-shift model has been used"" 2 in conjunction with Vos-Walraven fundamentals1 3 and Schmidt's' 4 anomaloscope matching data to solve the Amax for the anomalous pigments required for prediction of the anomalous quotients for protanomalous and deuteranomalous trichromats. This exercise involved a number of assumptions. First it was assumed that Konig fundamentals1 5 " 6 were representative of average normal observers and, similarly, that the Schmidt anomaloscope data were representative of average anomalous trichromats. Factors such as the ocular media and the optical density of the photopigments were assumed to be identical in such average observers. There was a further assumption that the photopigment spectra, expressed as quantal sensitivities at a retinal level, remained shape invariant for small shifts on the frequency axis. The Amax of the deuteranomalous M' pigment was found to be shifted to longer wavelengths than that of the normal M-cone pigment; the Amax of the protanomalous L' pigment was found to be shifted to shorter wavelengths than that of the normal L-cone pigment. Pokorny et al." plotted and tabulated spectral sensitivity curves for the anomalous pigments between 500 and 700 nm. The short-wavelength region of the spectrum was avoided for two reasons: First, there was considerable uncertainty about both the spectral shape and the peak density of the lens and the macular pigment needed to correct for the ocular media at short wavelengths. Second there were no good estimates of the absorptivity of the human cone photopigments at that time, especially for the short-wavelength region. Then, the best estimate of the shape of the absorption spectra for M and L cones was that derived by Wald et al. ' 7 for chicken iodopsin. Today, however, full-spectrum absorptivity curves of normal primate cone photopigments are available,"
9 permitting a comparison of psychophysical fundamentals with photopigment spectra over a full wavelength range. In the present study we combine the cur- rent knowledge regarding the shape of photopigment spectra with psychophysical data to derive cone fundamentals for anomalous trichromats that span the wavelength range 400-700 nm.
L-and M-cone Fundamentals
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METHODS AND RESULTS
The basic procedure followed that outlined previously"", 2 and involved a similar set of assumptions. In the following paragraphs, we list these assumptions.
1. Both normal and anomalous observers can be characterized by average photopigments. The Smith-Pokorny fundamentals' provide an estimate of the normal L-and M-cone sensitivities at the cornea for an observer whose color matches are those of the Judd observer.
2 0 The assumption implies only minor interobserver variation in photopigment spectra. Studies of primate photopigments support the concept of only minor variation in absorption spectra, both within and between retinas. 8 However, studies of human cone photopigments, including microspectrophotometry, 2 ' Rayleigh matching, 2 2 and the most recent molecular work, 23 24 have suggested a polymorphism of the L-cone pigment in the U.S. population with two types of L-cone photopigment separated by -5 nm. The Konig L fundamental might thus represent an average of these photopigments. This would violate our assumption. The practical effect, however, would be to cause an inaccuracy in our estimate of the L-and the L'-cone spectral peaks of 2-3 nm.
The concept of average photopigments in anomalous trichromats is supported by Schmidt's' 4 psychophysical data. Schmidt reported data from a large population of normal and simple anomalous trichromats and found that the red/green-mixture data fell into three discrete distributions. Schmidt reported the mean anomalous quotients (the ratio of green to red light for a given observer divided by the normal mean ratio of green to red light) for these distributions. The mean anomalous quotients were 1.00 for normals, 0.25 for protanomalous observers, and 3.55 for deuteranomalous observers. The distributions of the anomalous quotients for each group of observers were similar in shape, suggesting a common source of variability within the groups.
2. Normal and anomalous trichromats share similar ocular media and optical densities of cone pigments. The Schmidt' 4 data were gathered on 17-23-year-old military recruits. Thus the assumption of similar lens densities for the average color-normal observer, the average deuteranomalous observer, and the average protanomalous observer seems reasonable. The macular pigment should not play a role in Rayleigh matches. The hypothesis that the optical densities of photopigments of normal and anomalous trichromats are similar is supported by studies that show parallel shifts in Rayleigh matches under conditions in which photopigment density is low. 25 3. We assume that cone photopigment spectra are relatively shape invariant when plotted as a function of frequency, especially for small shifts along the frequency axis. 26 This transformation is performed by dividing the sensitivity values at each wavelength A by the ratio A/700. The results are shown in Fig. 1A . Because we assume that the optical density of the average anomalous trichromat is similar to that of the average normal trichromat, all the calculations were performed with the fundamentals expressed in units of fractional absorption rather than ab- et al. 3 2 for a 32-year-old observer with a small entrance pupil. We used the macular pigment absorption data from Wyszecki and Stiles. 3 3 Both of these curves are DeMarco et al.
shown in Fig. B . After subtracting the effects of the ocular media (Fig. C) , we obtain estimates of the fractional absorption of the M-and the L-cone photopigments at a retinal level. These estimates show irregularities in the short-wavelength region of the spectrum. Breton and Massof 34 also reported such irregularities in the cone fundamentals when the effects of macular pigment are taken into account.
To remove the irregularities from the estimated pigment curves, we smoothed the pigment shape at the points of irregularity by using piecemeal fits of second-and thirdorder polynomials across the irregular regions of each curve. All the polynomial fits were scrutinized for accuracy and had chi-square values between 10-3 and 10-8 (Mathview Professional software, BrainPower Inc., Calabasas, Calif.). Shown in the upper half of Fig. 2 are plots of the M-and the L-cone photopigments with the polynomial bridges plotted as dotted curves over the irregular regions. The sensitivity difference between the smoothed curves and the raw data was recorded, and the irregular portions of the curves were then removed so that the pigments were smooth throughout these regions. The difference between the pigments before and after smoothing is shown near the bottom of pigments before smoothing. The independent smoothing performed for each pigment reveals a common source of irregularity for both pigments. The irregularities characterized in Fig. 2 may represent additional ocular media error, either lens data or more likely the macular pigment absorption, or may be a consequence of the minor smoothing of the original Wright 3 8 and Guild 3 6 colorimetric data when the CIE Standard Observer was created. 37 In fact, because preretinal absorption certainly must affect psychophysical spectral sensitivity, one expects to see irregularities of preretinal absorption in psychophysical cone fundamentals and the color-matching functions from which the fundamentals are derived. Considerations such as data smoothing, coarse wavelength steps, and interobserver variability may contribute to the absence of such irregularities from standardized response functions.
At this point it is instructive to compare our pigment estimates with spectral sensitivity data obtained from single primate photoreceptors. Baylor et al. ' 8 obtained such spectral sensitivity measurements by recording the photocurrent of individual cones from the macaque retina. Figure 3 shows their averaged data from 20 M cones and 16 L cones. Also shown are our estimates of the human M-and L-cone photopigments, now corrected for selfscreening by the assumption of optical densities of 0.3 and 0.4 for the M-cone and the L-cone pigments, respectively. 3 8 We found that, to fit the macaque data, a minor shift in Amax of the human pigments to longer wavelengths was necessary (shifts were performed on a frequency abscissa). We shifted the human M-cone pigment template +2 nm and the L-cone template +3 nm to obtain a good congruence with the macaque data. Because of the variability in the macaque data, coupled with a relatively small data set from human retinas by this technique, 3 9 we cannot be sure whether this wavelength shift represents a true interspecies difference or a methodological difference. However, without this shift the data sets were considerably displaced across the entire spectrum, not just at the peak. Baylor et al. ' 8 also published a polynomial template derived from the data set of cone spectral sensitivities that were normalized on a log frequency abscissa. We compared the shape of the macaque cone template with the shape of our human pigment estimates and found an excellent correspondence. Figure 4 shows this comparison by plotting the curves on a normalized frequency scale. The degree of correspondence suggests that our smoothing procedures yield good estimates of the spectral sensitivity curves of human cone pigments and correctly discount the effects of absorption by the lens and the macular pigment.
In preparation to solve the anomalous Rayleigh equations, we replotted the pigments on a frequency abscissa and fitted a third-or a fourth-order polynomial to the regions of each pigment template that encompassed the test and the primary wavelengths used in the Rayleigh match. These polynomials allowed us to step in small increments to solve precisely the Rayleigh equation for the anomalous quotients. To solve for the anomalous quotient of deuteranomalous trichromats, the template for the L-cone pigment was duplicated and shifted against a fixed template for the L-cone pigment until a set of simultaneous Rayleigh match equations was solved to produce an anomalous quotient of 3.55 for deuteranomalous trichromats. To solve for the anomalous quotient of protanomalous trichromats, the template for the M-cone pigment was duplicated and shifted against a fixed template for the M-cone pigment to solve for an anomalous quotient of 0.25.
The procedure gave us estimates of the protanomalous L'-cone photopigment and the deuteranomalous M'-cone photopigment. We found that the protanomalous M-and L'-cone pigments are separated by 10 nm and the deuteranomalous M'-and L-cone pigments are separated by 6 nm (rounded to the nearest nanometer). These estimates are in reasonable agreement with the previous estimates"", 2 of an 8-9-nm difference in Ama. between the protanomalous pigments and a 5-6-nm difference in Am., between the deuteranomalous pigments. The small differences presumably reflect minor variations in the fitting procedures among the three studies. The separation of the M'-and the L-cone pigments for deuteranomalous trichromats is similar to that postulated to occur as a natural polymorphism of the L-cone pigment in color-normal males. 2 3 24 We then reconstructed cone fundamentals from the photopigments by adding back filtering from the lens and the macular pigments and the irregularities previously removed by the smoothing operation. Figure 5 shows the resultant curves as a function of wavelength for an equal-energy spectrum, together with the normal S-cone fundamental normalized to its peak. For these cone fundamentals, the Amax of the L' fundamental for protanomalous trichromats is at 553 nm, and the Amax of the M' fundamental for deuteranomalous trichromats is at 560 nm. Appendix A provides the relative sensitivity values of the S-, M-, L-, M'-, and L'-cone fundamentals at 1-nm intervals.
Using the estimates of the anomalous cone fundamentals, we derived theoretical color-matching functions and chromaticity diagrams for anomalous trichromats. Figure 6 shows the theoretical color-matching functions for deuteranomalous and protanomalous trichromats computed by using Wright's 4 ' primary system, the primaries of 450, 530, and 650 nm. These color-matching functions were normalized to an equal-energy white so that each curve has an equal area under it.
The color-matching functions were constructed by solving three simultaneous linear equations at each wavelength (1-nm intervals) that expressed a color match for a given wavelength as a sum of the sensitivities of the three cone fundamentals. Figure 7 shows chromaticity diagrams for the normal and the two types of anomalous trichromat. The dotted lines show the major axes of the plot that run through the primaries.
With normalization to white, the expected null coordinate of a first-stage spectral opponent can be calculated. This corresponds to the tritan neutral point in colornormal individuals and the wavelength of minimum colorimetric purity. According to Thornton and Pugh, 42 this point is also associated with the percept of a color containing neither redness or greenness. We calculated the null coordinates for protanomalous and deuteranomalous trichromats and found them to occur at 562 and 576 nm, respectively. A line connecting the null point, white, and extending to the blue corner is shown for each type of trichromat. These wavelength shifts along the red/green axis of the chromaticity diagrams are consistent with shifts in unique yellow for deuteranomalous and protanomalous observers relative to the locus of unique yellow of normals.'0, 43 
COMMENT
The full-spectrum cone fundamentals that we derived should be useful for modeling the spectral response cone of anomalous trichromats in psychophysical experiments. The fundamentals should also be useful in studies in which the experimenter wishes to account for the expected color performance of simple anomalous trichromats, for example, to calibrate a color monitor. Such a calibration would be necessary to compensate for differences in metameric matches between color-normal and anomalous trichromatic observers, permitting the precise specification of the stimulus despite the reduced discrimination ability of anomalous trichromats. The calibration is also necessary for the computation of equivalent steps in chromaticity for normal and anomalous observers. One could also predict shifts in the perception of hue under conditions in which anomalous trichromats are exposed to colored papers or broadband spectral lights, using the color-matching functions to produce a chromaticity diagram for the appropriate anomaly. 44 
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